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5.1

5.14

It s ghvan that d_—_1+|(l] for all INteDers my =0
2

1) Swbsttuling e = 0 Inbe the aguation, wa get

a2 reres (+(2T -1

= o, =2

Comment

Step 2ol 4 ~

20 Bubstihding s =1 into the egustion, we get

a-ro(3) et (< (3) -3)

= o =

1| e "'

Commeant

Step 3 of 4

3) Substiuting sy = 2 INto the equation, we get

E T272 Im2 " 4

1+——q+ -

4 4
5
= of, = —
LT
Coamrment

Stepd of 4 -~

4) Swbstihufing we =3 imho the aguation, we get

PR LA ..(1]‘-_',;1,1-m_1
"“{E]‘*’ﬁ'z 2 2 2

2=FxP B

:. The first four terms in the sequence 4 _1,[1} for all integers g, = [ ars
- 2

3 5 L
L™y



5.1

5.1.13

Itis given that the initial terms of the sequence are | -

D | -

Now, we find the formula for the sequence.

We are given

.. The formula for the sequence |-

*

+ | -
D | -
| —
) | -
| —
= | —

g, =11 torallintegers >}

n n+l

)

D | -

| e

| —

A

s | =

| —

& —

N| -

| —

\]l—

o | —

| e—

=

|-

~3 | -



5.1

5.1.17

Conslder that the sequence |{a, ) is defined as follows:

=1"'"'["J' =1 for allintagars p 20, ...... (1)
4

The objective is to find an explicit formula for g that inchudes floor notation

o

-

Suppose mis aven.

Then g =2k . for some integer

_2(26)+(-1)" -1

! 4
A4k +1-1
b a—
4
-k
4
=k

Since ﬂ=2k,5nt=g

Thus, a, = % if n is ewven.

Comment

Stap 2o0f2 -~

Suppose mis odd.

Then g =2k +1, for some integer k.

C2(2k 1)+ (=1 =0

Byyen =

4
Ak +2=1=1
4
_ 4
4
= i
. =1
Since n=2k+1.50 k= —
n—1

Thus, a, =T. if n iz odd.

Tharefore, the formula for g can be written as follows:

" .
E.' 15 ©%Cn.
a, = i
= 5
T, o ois odd.

Thus, by the definition of floor function, g ks written as, |e_ = [




5.1

5.1.18.c-e
()

)
Objective Is to find the value of > a, .

=

s
Za:, =d,, +a,,+a,,,.
Iy

=a,ta,+a,;
==2+0+(-2) Substitute the values.

ey Py |

= —4

)
Hence, the value of the sequence Za, ;=

”

Comment

Step4 ol 5 ~

(d)

~
Objective is to find the product of the sequence nu, >
é-0

+

I @, =0y X4, Xd, X a4, XA, Xa, xa,

K0

=2x3x(=2)x1x0x(=1)x~2 Substitute the given values

==-24x0
= () Any number multiplied by zero is zero.

<
Hence, the value of the sequence [] a, =[0]
K0

Comments (1)

Step50i5 ~

()

Objective is to find the product of the sequence n a,.
A2

ﬂ"a =a,
L L
= -2 Since a, =-2.

2
Hence, the value of the sequence []q, =[=2]
42



5.1

5.1.24

0
ltis gventhat D (j+1)-2/ =(0+1)-2°
J=0

(+2°=1 and 0+1=1)

=1xl

.'.2(}'4—])-2’ =1

5.1.27
l__‘_)_

10
The objective is to compute the summation of Z[ l
n n+

10
Rewrite the summation Z(l -;) as’
oun n+l
vl g e e
= 4| ——— |4 | = =—— |+
2 2+1 3 3+1 4 4+1

10 l
.z..:(;_nn ENETT
(Il)(ll)(ll)[ll)
#|———_— ] ———_— || ——— || = ——
5 5+1 6 6+1 7 7+1 8 8+1
(l 1 ) (I 1 )
#| ———— | ——
9 941 10 10+1
Comment
Step2of2 ~

S NERERENENEN
Jusheas

11
_10
11
o l l
Therefore, the sum of Z(—-—) is _
n n+l



5.1

5.1.28

Consider the following product as,
< ifi+2)
J-'.‘“—I)'“'i-])

The objective is to compute the above product.

Comment

Step20of2 A

Substitute the values of jfrom 2 to 5in expression (1) and also use the definition

k=m

m L

si(i+2)  2(2+2) 3(3+2) 4(4+2) L S65+2)
m2(i-1)-(i+1) (2-1): (2+l) (3-1): (3+l} (4-1)-(4+1) (5-1)-(5+1)
2!4 x5 4:16 5x7
T 1x3 2><4 3x5 4x6
_ 2xdx3x5x4x6x5x7

T 1x3x2x4x3x5x4x6

_5x7

T

¥

3
Therefore, the required value of the product is,

s 0(i+2) —E.
ﬂ[r‘—l){Hl}_




5.1

5.1.32

Consider the summation;

I

i(i).

Objective is to write this summation in expanded form.

i=

k+1
Write the given sequence Z i(i!) in expanding form.
1=1
k+l
Since Z is the sum of given term define with respect to j range from | to (k+1).
i=1
k+1
Therefore, in expanding form Z i( i) can be written as follows:

i=1

k+l
Z () =1(11) +2(2!) +3(31) +4(4!) + 5(5") +---+ k(k")+ (k +1)(k+1)]

=l

5.1.34

In this problem we have to evaluate the given sum
1(11)+2(21)+ 3(31) +........ +m(ml),m=2.

Since form = 2, the given sum has only two term, 1.e. first two term and hence the sum s

(1) +2(20)=11+2.(2.1) [21=21]
=1+4
=)

S1(y+2(2) =5



5.1

5.1.36

Consider the following product of sequence:

)& )5 (@)
Evaluate the product for g =

The product notation for the given product of sequence is as follows:
- ko(k+1)
l‘:! {.ﬁ.‘ +2}-[k+3} .

Comment

Step2of3 »~

For g = 1. the given product has only one term. Substitute g =1 In the product notation

m . ] - -
H[ufz{ﬁ;;:iﬂj=H[{kfz[}k-[;13}J
%Slnce I—la,, a,

[ B¥]

(3).(4)
2
F:
-\l
6
Comment
Step3ofa ~
Or simply, when g = 1, the value of the given preduct of sequence is,

[{mT-zt;‘anu-l 3}]= (i: |1 ?{1]:":: 31]
]-

[

I

I
2=l 5w



5.1

5.1.39

L.onsider the following summation:

i+l
zm{ m+1)- b
m=]

Rewrite the summation by separating off the final term.
Recall, the Recursive definition of summation:

Suppose n1is any integer, then the following holds true:

L
1. Zal =gm.a|-ld,
k=m

n =1
2. Y a=72 a+a,
k=m k=m

For allintegers n > m.

Comment

Step 2 of 2 ~

Assume, a, =m(m+1) Then, the given summation can be written as follows:

n+1

E O
m=]

Here, a, =m(m+1).

Apply, the Recursive definition of summation (2).

i+l n
DILHED I LT
m=] wr=1

n

=Y m(m+1)+[(n+1)((n+1)+1)]

m=1 Since, a, =m(m+1).
L

= Zn;{nt+]]+[[ﬂ+I}{H+|+|}]

m=]
"

= Em[m+l]+[[ﬂ+|}{"+2}]

m=1

Therefore, the summation after separating off the final term is as follows:

n+l

ZIH{H?+1}= im{m+lj+[{n+l}[n+2]]-
=

mi=]




5.1

5.1.42

n

We have to rewrite the given sequence )" (m+1)2" +(#+2) 2" a5 a single term
m=0

summation.
Note that whenm = n+1, (m+1)2" = (n+2)2"".

Therefore,
n n+l
3 (m+1)27+(n+2)2"M = 3 (m+1)2"
m=0 m=0
5.1.48

Consider the following expression:

(1=1)-(1=£)-(1=1)-(1=1").
Remember that, the notation for the product of a sequence of numbers analogous to the notation
for their sum, [] denotes the product.

4

I—[ a, =a,a,a,a,
k=l

Comment

Step20of2 ~

To write the product notation for (1-r)-(1-¢*)-(1=¢*)-(1-1").

The general term of this product can be expressed as | -¢* for integers k from 1 to 4.
(1=1)-(1=2)-(1=7)-(1=1*) =(1=#")-(1=22)-(1=#)-(1=1*) Write ;=
(1=1)-(1=2)-(1=2")-(1-1*) = ‘fll(l—r‘)




5.1

5.1.52

Consider the sequence » + n-l n-2 n-3 +L
2! 3 4! n!

The objective Is to write the summation notation of the given sequence.
It is given that,

n-1 n=-2 n-=-3 1
n+ - + Foorh—

21 3! 4! n!

n-0 n-1 n-2 n-3 n—(n-1)
- + + + foangp— 7
I 2! 3! 4! n!
.«.-—IIZII n-1 n-2 n-3 n=(n-1)
= + + oo ——t
I 2! 3 4! n!

=l

,Z{IHI

Hence, the summation notation of the given sequence is,

n=1 n=2 n-=3 1 |2 n-
n+ + + $rop—=

20 31 4 n! ,.,k+|]"

5.1.54

It is given that

y .
i k*+4
ltis alsogiventhat i=k+1=k=i-1
Now,

If k=1.then i=1+1=2 =i=2

It k=n.then j=p+]

And

k (i—1)
K+d4  (i-1y+4

li[ k _ ﬁ i-1
k=l k* +4 2 [i-l}:+4

(vk=i-1)




5.1

5.1.57

w-| i
Consider the limit » — .
=l \N—1

When j=|,then j=0
When j=p-|,then j=n-2

Since j=i-l thenj=j+1

Comment
Step2of2 »
Thus, ( '.), can be expressed as follows:
n—i

l i 'Ad 3 (i=j+1)
(n-i) (n-(j+|))
_ Jj+l

(n=j=-1)

n-l i n-2 _I+l
So, = 3
;(n-i)2 ,Zo(n—j—l)'

5.1.60

itis given that
23 (0 4)s 552 )
=§2(3k’+4)+§5(2k’-')

=§(6k’ +8)+g('0k’ -5)

s g(w +8+10* - 5) ( g'a, +§b‘ - hi-(a, +b, ))
=§(6k’+l0k’+8—5)

=3 (16" +3)

2;(3'“ +4)+5§(2*’ -1) =§('6k’ +3)



5.1

5.1.68

Here the expression is

((n+1))

(H!Il3

To compute the term follow step as below:

((m+1))’ ) [(n+1)n(n-1)(n- 2)"'3'2']]:
(n!)’ [n(n=1)(n-2)..3217

r{n+l]2 n(n— ‘2.1]3
) nim= ,2,1]‘
=|(n+1)’
5.1.69
Itis given that
nt ne(n=1)(n=2).. (n=k+1)(n=k)(n=k=1)...... 3241
(n-k)! (n=k):(n=k=1)ecorrrrrre 3.2:1
=n(n=1)(n=2).cccururn (n=k+1)
s =n(n=1)(n=2).ccc. (n=k+1)

(n=k)!



5.1

5.1.70

n!

Consider the fraction ————.
(n—k+1)!
The objective is to compute the value of the given fraction.

The definition of factorial, denoted by ! for each positive integer », states that the factorial of n
is the product of all the integers from 1ton.

n'=n-(n-1)-(n-2)---3-2:1

Comment

Step2of2 ~
Itis given that,
n! B n(n=1)-(n-k+2)(n-k+1)(n-k)---3-2:1
(n=k+1)! (n=k+1)(n=k)(n-k=1)---3-2:1

 n(n=1)--(n—k+2) (=K F1Yr—k)e:3-2-1

=n(n-1)(n-2)--(n-k+2).

Hence, the value of the given fraction is I =l n(n=1)(n-2)-(n-k+ 2)].

n!
(n=k+1

5.1.72

Here the expression is
(7)
\4)
We have from definition that, the combination expression is given as

n!
r) i (n=r)

Therefore, the expression can be computed as below:

(7\_ 71
\4) 4(7-4)
7!

T an

_7-6-5- M

S A(3-24)
(7:5)-8



5.1

5.1.76

n+l
The objective is to compute [ l]
n-

Forallintegers nand rwith 0<r<n,
n n!
r) rin-r)

Comment
Step20f2 ~

+1
Apply this formula to compute (" J.
n-

[:t:] “(n- 1)!(((::11))i(,:- 1))!

_ (n+1)!
(n-l)!(/+1-,{+|)!
i} (n+1)!
(n=1)12!
_ (n+1)n(n-1)!
(n=1)12!
=(";l)” cancelling the common factor (n-1)!
=(n+l)n
2

Hence, the value of S = M
n-1 2




5.1

5.1.77

(a)
The objective is to prove that p»Y4 2 is divisible by 2, for all integers 5 > 2.
Let » be an integer greaterthan 2, ;> 2,
By the definition of factorial, mn!=n-(n—1)-...-2:1.
As n =2, theexpansion p.(n-1)....-2-1 contains the factor 2.
n'+2=[n-(n-1)-...-2-1]+2
=2[n-(n-1)-...-4:3-1+1]
Take s=n-(n-1)-...-4:3-1+1, then !+ 2 =25, for some integer s.

Thus, ;42 is divisible by 2

Comment

Step2o0f3 ~

(b)
The objective is to prove that p»' & is divisible by &, forallintegers n=>2and &k =2,3.....n.
Let » be aninteger greaterthan 2, > 2,

Let  be aninteger between 2 and .
By the definition of facterial, m!=mn-(n—1)-...-2-1.
As 2<k <n, the expansion n-(n—1)-...-2-1 contains the factor ,
nl+k=[n(n=1)....-2-1]+k
=k[no(n—l)~...-2~l+l]
Take s=n-(n—1)-...-2-1+1, then m!+2 =25, for some integer s.

Thus, n'+k is divisible by &,

Comment

Step 3 0f3 ~

(c)
The objective is to explain whether it is possible to find a sequence of 5, | consecutive positive
integers that are not prime for > 2.

From part (b), m'+ & is divisible by &k when £=23,....n
Note that '+ &k are Lk consecutive positive integers of which none are prime.

Yes, there exisls a sequence of .| conseculive positive integers thal are not primes.



5.1

5.1.78

Forall integer #» and r with0<r+1<2,

n %l
(, +1)= (r+1)I(n—(r+1))] A

Comment

Step20of2 ~
Consider the right hand side of (1),

bl
(r4+1)(a=(r+1))!
_ (n—r)nl multiply (2~r) on both
S (rD (MY (r=r)((n=r) = 1) numerator and dcnomcnator]

iR »nl




5.1

5.1.79

Consider a pnme number p.
An integer r that is bes between 0 and the pnme number p.
ie, O<r<p.

the objechive is to prove that ( p) = p, i divisible by p.
> >
Comment

Step2of3 ~

Consider the formuta Tor combination [” ) i,

s

= 1-2--(p-1)-p
[r-2---r]{1-2(p-r)]
The numeraltor and the denominator have 2 prime faclonzation.
Now, obsesrve that in the sbove ons of the prims mus! be present in the numerator and sl the
primes in the denominator are less than p because all the numbers in the product are less than
P

Comment

Step30of3 ~

From the known factorial notation,
m=n-(n—1)!

Write the factorial p! as p-( p—1)! In the above combination as.

(,'.’]-;,(,f’f,.—,,

_p(p-1)

r{p-r)!

: (p—1)
r'(p—r)

_ .| (p=1)
p[r‘.(p—r)!]

It is dmvisible by p.
Obsesrve that there is no  pin the denominator
Thersefore, p cannot be cancel out

=p

P

This shows thal the oblzined prime Taclorization of the integer (
r

] will containa p.

Hence, (P) divisible by .
r



S.2

5.24

(a}

Caonsider the fTarmula for P[,—,-]. whare m is positive inlegar with 5 > 2

— L _ﬂ{ﬂ-l}[:::r+1]
§1{1+]}_ 5 "

Obhjactive Is 1o find tha valua of & at g =2,
mfm—1){n+1)

Pln)= 3
P(2) = 2:-:[2—]3]-5-:[2+ ) substitute o2
- 2xl=3
3
=2
FP(2)=2

Comrmart

Step 2 ofb

Clearty. from left hand side;
F=1.
P(2)=2i(i+1)
=

—.IE_I‘_{‘;*'}
=1={1+1)

-2

Hemnce, it is true that |F(2) =2

Comment

Step 3 ofe

(b}
Objactive Is to write the formula for .P[_Ji:].

s —=1){m-+=1)
= '

-
Substitute g = & in the formula E‘:l:.f-.'l}_

P(k) is Ei{;‘+1]= k(& _';{k+'}_



S.2

(<)
Objective is to write the formula for Pk +1).

-3 -—
Substitute n =k <1 in the formula Z;(/u):i(."_';.(L')_
el

- -(k#l)((k+|)—|)((k*|)*l)
Plk+1)is ‘Z; i{i+1)= 3

> (k+1) (k) &k+2)
Di(i+1)= - .

-l

Comment

StepS5ofc ~

(d}

Objective is to identify what must be shown in the inductive step.

Inductive step:

If the property P(n) is true for » = & . then it is prove that P(n) isalsotruefor p=k+1.
ie  for someintsger k >2

Here k=n-1
& -1

Y i(i+1)=
i1

(=) (k+1)((k+1)=1)((k+1)+1)
> ii+1)= ~ :

=1

‘_(k—.;;(k*_') , then prove that

S - (un)(;)(nz)

Comment

Stepbofftc A

Substifute k = n—1n the above formula,

.ZII(J+;)= (m=1+1)(n=1)(n-1+2)

3

=t (n)(n—1)(n+1)
;:(:-&I)B =

Hence, itistrue for =Kk +1.

Therefore, the inductive step is verified



S.2

5.2.7

Let the statement is, “for all integer , > 1,
n(5n-3)
2
Proof: For the given statement, the property P(n) is the equation, i.e.,

146+114+164-+(5n-4)=

P(n)=l+6+|1+16+---+(5n-4)=__."(5"2"3)

Step 1: Show that (1) is true.
To prove P(1), it must be shown that when 1 is substituted into the equation in place of n,

The lefi-hand side equals the nght-hand side.

Now the left-hand side of P(1) is 1, and the right-hand side is L_(—S(;L}—) - % =1 also.

Thus, P(1) is true

Comment

Step2of3 »~
Step 2: Show that for all integer k > 1,if P(k)is true then P(k +1)is true
Let k be any integer with k > and suppose P(k) is true, 1.e,
146411416+ +(5k-4)= k—(—s-!:;:i) (inductive hypothesis)

Now, it must be shown that P(k +1) is true, ie

l+6+|l+l6+...+(5(k+|)_4)___(k+lX5(:I;+|)_3)

Or, equivalently

(k +1)5k +2)

Plk+1)=146+11+16+-+(5(k +1)-4)= :

5k 4+ Tk +2
2



S.2

But the left-hand side of Pk +1) Is
1464114164 --+(5(k +1)-4)
=14+6+11+16+--+(5k —4)+(5(k +1)-4) (by making

the nexti-to-last term explicit)
= .‘1(5,‘2__:3) +(5(k +1)~4) (by substitution from the

inductive hypothesis)
= "(Lz_?’-) +(5k +1)

Sk* =3k +10k +2
2

5K+ Tk+2
2

And this is right-hand side of P(k +1)

Hence the property istruefor p=k +1.

Thus, P(n) is true for all the integers > 1.



S.2

5.2.9

Consider the statement:

- 4(4. = '6) For all integers 5> 3.
3

Objective 1s to prove the above statement by using Mathematical induction.

P(n): 4+4"+4 +...+4

Basis step: Prove that the property is true for , =3,
LHS:
The left-hand side is the sum of all terms from 4* to 4%, 1 e just 43, itself.

RHS:

4(4'-16) ax(64-16)
3 B 3

_ 4x48
3

_4x3x16
3

=4x16

=4x42

=4

LHS = RHS.

(4“ :41)(4: I6X4=64)

Hence, the statement P(n)is true for » =3,

Comment

Step2o0f 3

Suppose that the property is true for » = k.

A
That is, the statement P(k):4" +4* +4° +.--+4" = 4(4 "6) is frue
3
Now. we can show that
4 4lol -16
4’4»4‘4-4’4»---4-4“+4"'=u - (1)

3



S.2

LHS of (1)
LHS=4"+4"+4" +... 4+ 4" + 4"
3[4’+4‘+4’+-..+4.]+4l-l

4(4' -16)+3x4""
) 3
4(4" -16)+3x4" x4
) 3
_4[4‘-I6+3x4‘J
3
4[4 (1+3)-16]
3
44 xa-16)
-t
(4" -16)
-t
= RHS of (1)

Take LCM.

Since ¢ =d" xa"
( )

Take 4 as common

4(4“' -16)
——

Thus, the statement P(n) istrue for p=k+1.

44 +48 444 +4" =

Therefore, by the principle of mathematical induction, the statement P(n)is true forall >3,



S.2

5.2.15

Consider

i:‘{ﬂ] =(n+1)! =1,for allintegers p> |
=]

Let the property P(n)be the equation " i(i!)=(n+1)! -1,

jml

To show that F(n} is true for all integers p > 1. Do this by using mathematical induction.

Remember that ml=1x2x3x........ x(n=1)xn

Comment

Step 2 0f 4 A

Show that P(1) is true:

That is to show that 1(11)=(141)!=1 P(1)

The left hand side of the equation is I(IT] =1 and right-hand side Is
(1+1)=1=21-1

-1

il | |

It follows that | =1

Hence P(1) is true.



S.2

Show that for all integers »=1. P(k) istrue then Pk +1)is also true:
Suppose P(k) is true.

Then the inductive hypothesis is

:Zl.-[:r}z{nu]m. (k=1)
MNow show that P(k +1) is true.

That is to show that

ii[i!}={[.& #1)+1)1-1,

Cr, equivalently that
il

D =(k+2)1-1,
=1

The left-hand side of Pk +1) is

Ef[i!] = ii[i!h (& + 1)((& +1)1) Write into two terms

=(k+1)! =1+ (k+1)((k+1)1) By P(k)
=[.i_-+]]![|+(.i_-+l]:|—] Taking common term (& +1)!
=(k +1)!(k +2)—1 Simplify

=(k+2)=1 nl=n(n=1)

which is nght hand side of P(k +1)
Comment

Stepd of 4 ~

Hence from the principle of mathematical induction,

ii[f!}:{n+1]!—l_ is true, for all integers 4> 1
i=l



S.2

5.2.17
Consider the statement:
For all integers n=0 ﬁ( . J* l
= AN 25 2) T )y

Objective is to prove this statement by using mathematical induction.

£y | 1
: - Vnz0
H{zin 2i+2} (2n+2)! !

Suppose that the given statementis P(n),

Substitute j = () in the statement.

1 |
2.04+1 2-0+2

P(0)=

LHS = RHS

Hence, the statement is true for P(0). - (1)
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Assume that the statement is true for n = m.

| |
s Fim)= n{zm 2.+2} ey

When »n = m + 1, consider the product of the (m + |) terms.

i.e., multiply the ,, .. 1* term on both sides of equation (2).

” 1 1 1 1 1 1
n°{21+l 2:+2} 2(m+1)+1 '2(m+|)+2 § (2m+2)!.2(m+l)+l .2(m+|)+2

T

~'{ | } N
Fo | 2i+1 2i+2)  (2m+2)! |2(m+1)+1 2(m+1)+2

sl ] 1 1 1 1
:=0{2i+l 2i+2} (2m+2)! {2m+2+| 2m+2+2}
o l

(2m+2)! (2m+3)(2m+4)
a1

(2m+4)!

B 1
C(2(m+1)+2)!

This expression is in the required form.
So, the statement is tue when p=m+1, ------ (3)
From equations (|),( 2), and (3) satisfy the hypotheses of mathematical induction.

So, by the result of mathematical induction, the given statement is true for all integers » > (),

1 |
= Yn20.
5 n{2l+| 2:+2} (2n+2)! ?
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5.2.21

Consider a sequence §4+10+15+...+300-

The objective is use the formula for the sum of the first n integers and to write the sequence in
closed form.

Comment

Step2of2 ~

Rewrite the sequence S+10+15+...+300 as,
5(14243+...+60).
2
Apply the formula for the sum of the first n integers over 5(1+2+3+...+60)with »n=60.

The sum of the sequence of the first n integers |+ 2+ 3+...+n in closed form is,

Therefore, the sum is,

f 1
5(142+43+...460)=5 —60—(60;)1

\ 2
[ 60(61
_3 ()J
\ 2

[ 3660
\ 2
=5(1830)

=9150
Hence, the sum of the sequence §+10+15+...+ 300 in closed form is :
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5.2.23

Consider the series 74+8+94---+600.
The objective is to find the sum of the first n integers.

n[n+l]1
2

The sum of the first nintegersis |+2+34+...4+n=

Rewrite the series as follows:

7+8+9+---+600=(14+2+3+4+---+600)—(1+2+3+4+5+6)

The sum of the first 600 integers is,

142434444600 = 600(600+1)
_ﬁﬂﬂ(ﬁ{]l}
S 2
=300(601)
Comment
Step2of2 ~

Thus, the sum of the series is:

7+8+9+---4+600=(1+2+3+4+---+600)—(1+2+3+4+5+6)

_600(601)

= 300(601) - 21
= 180,279
Hence, the sum of the series is [180,]279|.
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5.2.27

Consider ihe seres &3 o g9 4 &3 , 4 &b

Here, ki= an integerwith =3

The objective is to find the sum of the above series.
The series 5 ¢ 5% & 5% &... 4 545 & geomelric series.
RewTiie the above senes as 1ollows:

54545 45 =5 (1+5+5 + 5+ + 57,

Comment

Step 2 0f 3

Consider the geomelnc senes as,

l+r+r +r' +o e
Here, ris any real number except 1 and the integer g =1.
The formula for the sum of a geometnc senes is,

Pty

I g

r—1

Comment

Step 3 0T 3 -~

Mowv, consider the geomeiric senes as,

1+5+5 +5" +... 457
Apply the formula for the sum of a geometric senses o the above geometric seres with » = 5,
Thus, the sum of the senes % L 5% 4 5% 4.5 5% 15,

st 5 e g 5t :53{|+5 +5 45 e 5 l}

. 5|l—'|'|-|-1 -1 o
=5 . — Substituite r =5
5-1
k-2
=52 1 Simplify
4
IES -2
= (5 e |
25 (5t 1)

Thus, the reqguired sum of the senies is, E{j*-l _1] )
4
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5.2.31

Consider the formula for m and n are integers with ;> () and g and r are real numbers.

ar” +ar™ +ar™? -+ ar™"
Objective is to find a formula for the sum.

mel

ar” +ar" +ar™? + -+ ar™" =a(r"‘ o+ ™ 4 2 +...+r"“)
Take a as common

= a(r" +r'r' +r ' + ...+,.~,.-)

[Use xrh = x",t’]

--ar'(l+r+r’+-~+r")

Take ,~ as common.
!
r" -1
=ar”
r-I1

nel
, «r =1
Therefore, the formula for sumis |ar [ l )
r-
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5.3.2

Ganearal formula
- I "l
rn I+—J=n+| for all integers m =1
i=1 " j
Proof {by mathematical induction)
The property is the equation
FI1|(I + 1] = m + | Tor all integers n 21
= L rl

Show that the property is true for m=1
LHS

r'11|:|+}] =(|+%]=1+|=1

RHS
When m=1, n+l=1+1=2
s LHS = RHS

- The property is true for g =1

Comment

Stap 2o0f5 -~

Show that for all integers g = | . il the propenty is rua for g = . then il s also rua for g e g+

L}
Aszumea that T1 [I + lJ - l,[.ﬁ- + I] for some integer &k = 1 (the inductive hypothesis)
r

We must show that

ﬁ'[n:fj-[k 1)l

=k +2 —(1}

Comment

Step 3 of s -~
LHE of {1)

'ﬁ(“:f] - fﬁ[”':][“ % 11]

={k + I]-[] + T ! ]] { . by substituting the inductive hypothesis)
=
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:(k+|)(—(k;i)l+')

k+2)
k+1

:(k+l)(

=k+2
= RHS of (1)
Thus, the property is true for ;= k +1

Comment

Step50f5 ~

.. The property is true for all integers p» > 1]

i.e., ﬁ(l-rl_):n-»l for allintegers n2>1

=l !



5.3

5.3.7

Consider that P(n) is the property 2" <(n+1)!, where n s a positive integer.
a)
The objective is to verify whether P(2)is true or not.
Let p=2.
Then, substitute p =2in P(n).
Therefore, P(2)is 2° <(2+1)!
4<(3)!
4<6
Clearly, 2* <(2+1)!.

Thus, p(z) is true.

Comment

Step2of4

b)

The objective is to write the expression for P(k) :
Let pn=k.

Then, substitute = kin P(n).

Therefore, the expression for P(k) is |2' <(k+1)!.
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c)
The objective is to write the expression for P{k +1 ]
Let p=k+1.

Then, substitute p =k +1in P(n).

Therefore, the expression for P(k +1) is |2** s:({k +I}+])! i

Comment

Stepdof 4 ~

d)

To show that the result Is true for all integers 5 = 2, first assume that the result Is true for k= 2.

Thatis 2" <(k+1)!,for k>2.

Prove that that result is true for » =k +| as,

Consider

2" =2'.2

<((k+1)!)-2  Since by assumption 2* <(k +1)!
<(k+2)! Since ((k+2)!)-2<(k+2)!, Vk 22
<((k+1)+1)!

Therefore, the value 2**' <((k+1)+1)! forall >2

Thatis, 2*' <((k+1)+1)tlistrue, for p=k+1,

Therefore, the inductive stepis 2'*' < {{k +1)+ I}!. for g=k+1.

Hence, the statement P{n] istrueforall p=2



5.3

5.3.9

Consider the statement as,
" P(n):7" -1 is divisible by 6." for each integer » = 0.
The objective is 1o prove the above slatement by mathematical induction.
Basis slen.
For m=1{0,
F{ﬂ]:?"‘—l=]—]=[l
Thus, (s divisible by & since zeno is divisible by all integers.
Hence, P(0)is true
Inductive step:
Let P(k)be true for some § for an arbitrary integer & =0 -
That is, P(k):7" —1is divisible by 6.

Thus, by the definition of divisibility, there exisls an integer gsuch thal 74 - = g

Comment

Step2of2 A~

Now, need to prove that P(k +1)is true
Consider &+ _
™™ —1="x7-1
=7x(7*)-1
=7x(7 -1+1)-1
=T=x(6p+1)-1 (Since 7' -1=6p)
=42 p+7 =1
=42p+6
=6(Tp+1)
The value of (7 p+1)is an integer since product or sum of integers is also an integer.
Hence, by the definition of divisibility, %+ _{ is divisible by 6 since there is an integer g =Tp + 1
Such that 7**' —| = 6y.
Thus, P(k+1)is true.
Therefore, by the principle of mathematical induction, he statement

“ P[uj 27" =1 is divisible by 8. is true for each integer w >0
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5.3.10

Proof {by mathematical induction)

For the given statement, the property IS the sentence * ,* _ 7n + 3 IS GvISIDIE DY 31or
eachinteger p>0~

Show that the property istrus for p =0

When 5 = (). the property is the sentence

0'—7x0+3
This is divisible by 3
However, 0 —=7x0+3 =0-0+3
=3
And 3 Is divisible by 3 because 3 =3x]
Thus, the property is true for » =0

Comment

Step20cr3 ~

Show that for any integer L = 0. if the property 1s true for ;= k., then it 1s aiso true for
n=k+l1
Let k be any integer where >0
Assume that the propertyistrue for p=k
i.e.. assume that * %* _ 7% + 3 is divisibie by 3" is true (the inductive hypothesis)
We must show that the property is true for p=4 +1
... we must show that ~ (k + |)’ —7(k+1)+3 Is divisible by 3°
Now,
(k+1)' =7(k+1)+3
=k 43K 43k +1-Tk =743 (- (a+b) =a’ +3a’b+3ab’ +b’)
=(&' =Tk +3)+(3k" +3k +1-7)

= (4" =Tk +3)+(34% + 3k -6)
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5.3.17

The objective is to prove |4 3n < 4", for every integer » =0 using mathematical induction

Let P(n) be the inequality |43, <4~ for every integer p 2> 0.
Basis step:
Show that the statement is true for =0,
14+3(0)<4°
1=1

Thus, the inequality is true for =0,

Comment

Step20f2 A

Inductive Step:
Assume that the inequality is true for =k,
Thatis, 1+3k<4".

Meed to show that the result is true for y =k +1.

Consider,

1+3(k+1)=1+43k+3
<4' 43 By assumption
<4' +3.4 since 3<3.4*
=4*{'l+3:|
=4i.+|

Thus, the result is true for g =4k +1.

Therefora, |4+ 3y < 4" for every integer p 2> 0.
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5.3.18

Consider the statement” 5 49 < g, for all integers » = 27. The objective of the problem is to
prove the given statement by using mathematical induction.

Let P(n)be the statement s+ . g g Take, y=2,then
5 49<6
3436
Thus, P(2)istrue, since 34 <36

Comment

Step2of3 ~

Now, suppose thal P[.k] is true for an arbitrary integer > 2. That is,

5 +9<6
Then, prove that P(k + l} and this establishes the proof of the statement for all p > 2 by
induction. That is, to prove that g+ , g - g**!. Now,
§4+9=5.549
By using the inductive hypothesis in the alternative form, s§* «g* —9. Then,
5" +9<5-(6" -9)+9
=5.6' -45+9  Using the distributive property
=5.6' -36 Simplify

Comment

Step3of3d ~

But s5.6* «<6-6* OF @' and —36 < (), S0 that this quanfity Is less than g**'. Theretore,
gh+l 4 g - g**, as desired.

Thus, F{.r} + l} i5 true.

Hence, by the principle of mathematical induction, P(nr) is true for all nonnegative integers

nzl
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5.3.23
a)
For the given statement, the property is the inequality * ;! ~ 24 41 for all integers =227
Show that the propeny is true for » =2
When p=2.1he propery is the Inequality. * 2* ~ 7x24+1"
But =8 & 2x2+1=4+1=5
Then, 85
= 2= 2x2+1

Thus, the property is true for =72

Comment

Step 2 o0f B A

Show that for all integers k=2, ifthe property istrue for p= k. thenitis also true for p=f+1
Let & beany integer where jk =2
Assume that the propenyistrue for =4k

i.e., suppose that g% < 28 41

We must show that the property is true Tor p =k +1

i.e., we must show that l:k+l]|5 = 3(,&+1J+1

Comment

Step 3073 A~

MNow,
(k+1)" =k +347 <3k +1
Since 4* > 2k 41 (by the inductive hypothesis)

And 35 43k +1>2
Clearty,

= b 3 3+l 2+ 142
= (k+1Y >2{k+1)+1

Thus, the property is true for p=% +1
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Thus, e property is nes for all iNlegers 4= 2
Thus, prowad.

Cosmment

Step 5ol 8 -~

b

For the giwen siatement, the property is the ineguality © 41+ 5° for @l infegers g > 47
Show Bhat the property s frue for o= 4

When g =4.he property is the inegualily * 41 42"

But 41=4x3x2x]=24

A =ded =16

Clearly, 24 =16

= 41> 47

Thus, T IH{:IIIBI'[':.' iz thue Tor =

Comment

Step B of & -~

Show that for all integers & =4, if the propeny is frue for m=4. thenitis also truefor s =k +1
Let k be any infeger with 4 = 4

Assumes thal the property is nes for p = &

i.e, supposs hat  gr-. g°

Wa muest show Ehat the property s frue for g = +1

.2, we must show that (& + 1) >k +1)

Comment

Step Fof 8

Wia krvowy that

k> k=« Torall £=>2

= (E+1)=k1=[k+1}{k+1)

= (k+1)!> [k +1)

Thurs, the property is e for g =k =

Thus, the property is trus for all infegers gz 4



